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Abstract

For the subshift of finite type ¥ = {0, 1,2} we study the convergence and the selection at
temperature zero of the Gibbs measure associated to a non-locally constant Holder potential
which admits exactly two maximizing ergodic measures. These measures are Dirac measures
at two different fixed points and the potential is flatter at one of these two fixed points.

We prove that there always is convergence but not necessarily to the Dirac measure at the
point where the potential is the flattest. This is contrary to what was expected in the light of
the analogous problem in Aubry-Mather theory [1]. This is also contrary to the finite range
case where the equilibrium state converges to the equi-barycentre of the two Dirac measures.

Moreover we emphasize the strange behavior of the Gibbs measure: the eigenmeasure
selects one Dirac measure ( at the point where the potential is the flattest) and the eigen-
function selects the other one (at the point where the potential is the sharpest).

Keywords: selection of measures, transfer operator, Gibbs measures, equilibrium state,
ergodic optimization.
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1 Introduction

1.1 optimization and selection and statements of results

In this paper we are interested in studying the problem of selection for convergence of Gibbs
measures at temperature zero. For a dynamical system (X,7T), it is usually very difficult to
describe all the orbits # € X,T(z), T?(z),.... The idea of Ergodic Theory is thus to describe
orbits for almost all points, where almost all means with respect to some T-invariant probability
measure. Again, usual dynamical systems have a lot of invariant probabilities, and the question
is to find a way to emphasize some of them.
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Fixing A : X — R, the thermodynamic formalism provides such a way: a measure y is an
equilibrium state for A if it satisfies

hM(T)—i-/Ad,u: sup {hl,(T)—i-/Adz/},
v T—inv

where h,(T) is the usual Kolmogorov entropy. The supremum is taken over the set of T-

invariant probabilities.This theory was deeply inspired by statistical mechanics, where the quan-

tity h,(T) + / Adp is (up to a sign) the free energy per site of a one-dimensional crystal. It was

developed during the 70’s essentially by Bowen, Ruelle and Sinai. We remind that for uniformly
hyperbolic dynamics and “regular” potentials (eg, Holder continuous), there is existence and
uniqueness of the equilibrium state (see eg [2, 19, 20]).

For the last 10 years, a growing number of people have been studying a new way to distinguish
T-invariant probabilities: instead of considering measures which maximize the free energy one
focuses on measures which maximize the integral of the potential A; namely an A-maximizing
measure is a T-invariant probability measure p such that

/Ad,u: max {/Adu}.

There is a relation between these two approaches: for 3 > 0, let ug denotes an equilibrium
state for A and P(f3) denotes the pressure

by, —i—ﬂ/Aduﬁ.

Then, under weak assumptions', the graph of P(3) admits an asymptote? as 3 goes to +oo
whose slope is sup { / Adu}. Moreover, any accumulation point for the equilibrium state g

as [ goes to +0o is an A-maximizing measure (see [7, 17]).

In statistical mechanics, the parameter (3 is the inverse of the temperature, A is the opposite
of the energy and maximizing measures are called ground states . The term b in the asymptote
is called the residual entropy (see [10] (Appendix B2) for a survey of the problem in statistical
mechanics. ).

Roughly speaking, when the system is frozen®, the equilibrium states go to ground states.
Then, the problem of selection deals with the study of this “limit” at temperature zero:

1. Does the/one equilibrium state ;13 converge as (3 goes to +oo 7
2. If yes, what distinguishes the limit among the A-maximizing measures ?

In this paper we want to focus on that second question: what are the mechanisms or the
parameters involved in the selection of the limit (if it does exist)?

We work here with a full shift ¥ over the alphabet {0,1,2}: points in ¥ are sequences
x = (zo,21,...) with z; € {0,1,2}. We will consider the usual terminology and the usual

le.g. X compact Hausdorff, A and T continuous, metric entropy u.s.c..

*Namely limg_ 400 P(8) — a8 — b = 0; a = sup {/Adl/}.

34.e. when the temperature goes to zero, or equivalently, when 3 goes to +0co



product topology in 3 (see e.g. [18], chapter 1). Hence, we recall that a cylinder [X,... Xg] is
the set of points z = (z,) such that z; = X; for every i € [0, k] := {1,...,k}. We equip ¥ with
the distance between =z = (x,) and y = (y,) defined by

1
d(z,y) = omin{n, znFyn}

1
This distance is compatible with the product topology. It is non-canonical, and 3 could be

exchanged by any other real number 6 in (0,1). However, we emphasize that the value of 6 does
not influence the Thermodynamic formalism.

We recall that the dynamics is given by the shift o : (2o, 21, x2,...) — (21, 22,...). The two
special points 0°° and 1°° respectively denote the points (0,0,...) and (1,1,...). They are fixed
points for the shift o over X.

We consider over this shift the Lipschitz potential A defined as follows:

—d(z,0°) if z € [0]
A(z) =< —3d(z,1*°) if x € [1]

— otherwise

for some « > 0. This potential is always non-positive. There are only two maximizing measures,
the two Dirac measures g and o<, respectively at 0°° and 1°°. Only these measures give zero
integral for A. We point out that the potential is flatter* close to 0.

The potential SA in Lipschitz hence admits a unique equilibrium state (for all 5 € R). It is
a Gibbs measure (see also Subsection 1.2).

Our main result is:

Theorem Let (,0) be the full 3-shift ({0,1,2}N,0) and A be the Hélder potential
—d(z,0°) ifx e [0]

—3d(xz,1%°) ifx € [1]
—o otherwise

Let g be the unique Gibbs measure associated to BA, B € R. Let p be the golden mean p =

1+5
2

1. for a > 1, pg converges to %(5000 + 0100) as [ goes to +oo,

. Then

2. for a =1, pg converges to 1+1p2 (0280 + 61) as B goes to +oo,

3. for 0 < o <1, ug converges to dgoc as 3 goes to +00.

This potential was inspired by a result of selection for Hamiltonian/Lagrangian setting in
[1]. Our principal motivation for this paper was to study if flatness of the potential plays a role
in the selection as it does in [1].

In our mind the importance of the result does not rest on the values but on the diversity
of the values. This clearly means that flatness is not a determinant argument in the selection,
contrarily to what was expected.

4More precisely A is sharper close to 1°°.



Figure 1: Potential A

Our result also shows that the theory of selection is extremely wild and, even in an apparently
very simple situation with convergence, selection seems to be unpredictable. This completes the
state of the art on that topic, and shows that a general theory is certainly far from being
reachable.

We recall that generically for the C° topology, there exists a unique maximizing measure.
Therefore convergence occurs ! For a subshift of finite and if A is locally constant, then ug
always converges (see [4, 13, 6]) and the selection is well identified (see [13, 6]). Contrarily to
what could be expected, not every maximizing component with maximal entropy has positive
limit measure, but only components with maximal entropy and which are the most “isolated”.
These are the vice-maximizing periodic orbits between clusters which determine the selection
(see [13]). See also [12] (section 9) for an explicit computation. On the opposite way, examples
of non-convergence are also known (see [11, 5]).

To emphasize, if still necessary, how wild selection is, we recall that, in the case of locally
constant potential, if there are only two maximizing ergodic measures with maximal entropy,
then ug converges to the middle of these two ergodic measures. In our case this does not occurs
if o < 1.

With our setting, ug is unique and is actually a Gibbs measure: there is an operator L3 natu-
rally associated to the problem and pg is the product of specific eigenmeasure and eigenfunction
of that operator (see [18] and Subsection 1.2 here for definitions). A very curious phenomena is
that the eigenmeasure and the eigenfunction have opposite behavior. When the system is frozen,
the eigenmeasure becomes exponentially bigger around 0°° than around 1*° (see Cor. 3.8). For
the eigenfunction the opposite happens (see Prop. 2.4). In some sense, the eigenmeasure selects
one maximizing measure and the eigenfunction selects the other one. As a consequence of this
opposite behavior, the selection does not appear at the exponential scale (see below).

The presence of the Golden mean is (probably) not due to some “universal” constant, but
is more surely an accident. Nevertheless we are not completely sure on where it exactly comes
from. Ph. Thieullen pointed out it could be related to the fact that there are 2 maxima. We
believe this is also related to the special values we chose (the “3” for A and the “2” for the
distance). We can prove that the same kind of result holds if we replace —3d(z, 1°°) with some

1
—Td(xz,1%°), with ' > 1, and the 3 in the distance by some 6 € (0,1), but for the sake of



compactness we do not include the proofs here. Indeed, the computation for more general case
would be a little bit more complicated and the formulas less convenient to be used.

1.2 More notations - plan of the proof

If y = (y1,y2,...) is a point in ¥ and if a = 0, 1, 2, we denote the point (a,y1,y2,...) in X by ay.
The main tool is the transfer operator (also called Ruelle-Perron-Frobenius operator) defined
as follows:

Lgp(x) = Y Wgp(y)

y€o~1(z)
efﬁd(Ox,O‘”)(p(Ox) + e*ﬂd(lxilm)@(ll') + e*aﬁQO(?w)-

where 3 is the inverse of the temperature. We recall here some of its properties (see e.g. [2]). It
acts on continuous functions and its dual operator, denoted by ﬁ;, acts on probability measures.

We know that there exists some function Hz and some probability measure vz such that
Ls(Hg) = eP’® Hg and Lh(vg) = eP®yg. Then, the measure defined by dus = Hpgdvgs is
o—invariant and the unique equilibrium state associated to A (if it is normalized to get a
probability measure).

Throughout, they will be referred to as the eigenmeasure and the eigenfunction. Most of the
time we will omit the subscript .

The plan of the proof of the main result of the paper is the following:

In Section 2 we give the exponential asymptotics for the eigenfunction (obtaining what is
called a calibrated subaction) and the pressure.

In Section 3 we prove the convergence of the eigenmeasure to dpec. For this we give precise
values for the v-measures of rings [07] \ [0"*1] and [17] \ [1"*].

In Section 4 we compute the exact values of the eigenfunction on the same rings considered
before in Section 3.

In Section 5 we finish the proof of our Theorem.

2 Exponential asymptotic for the pressure and the eigenfunc-
tion

We first recall some tools introduced to study Thermodynamic formalism at temperature zero
(see e.g. [9]). In the following, m(A) denotes sup { [ Adu} (which is zero in our case).

Definition 2.1. We say that u : > — R is a calibrated subaction for A if for any y in X we
have

u(y) = sup {A(z) + u(z) —m(A)}.
o(z)=y

1
B

1
denote by V any accumulation point for — log Hg as (3 goes to +oo (and for the C%-norm). It is

The family of functions {—log Hg}ger+ is uniformly bounded and equi-continuous ; we

a calibrated subaction, see [7]. We will exhibit a more explicit expression of such V.



We recall that the Peierls’ barrier is given by

n—1
() = limsup ¢ 3 (A(07(2)) = m(4) .o (2) = y.d(z2) <
n> =0

Remark 1. We leave it to the reader to check that for every x # 0°°,1°° both numbers h(0%°, x)
and h(1%°,x) are negative.

Let @ C ¥ be the Aubry set of A ( see [7] for a definition). Then, it is proved in [9] ( see
Theorem 10), that every calibrated subaction u satisfies

u(y) = sup[h(x,y) + u(x)], (1)
xXEN
In the present case the Aubry set is the union of the two fixed points p = 0% and ¢ = 1.
In this way, any calibrated subaction is determined by its values on p and gq.

Lemma 2.2. The functions defined by ug(x) = —d(z,0°) and ui(x) = —3d(x,1°) are both
calibrated subactions.

Proof. The proof is only done for ug, the other case being similar. We consider y € ¥ and we
want to prove

—d(0%°,y) =: uo(y) = max{A(0y) + uo(0y), A(ly) + uo(1y), A(2y) + uo(2y)}. (2)

We set y = (yo0,91,Y2,...). We first assume that yo # 0. Note that both A(ly) and A(2y) are
non-positive and ug(ly) = up(2y) = —1. Hence ug(y) = —1 is bigger than (or equal to) both
terms A(1ly) + uo(ly) and A(2y) + up(2y). Now A(0y) = —3 and up(y) = —1. Hence (2) holds
in that case. Assume now that y belong to the cylinder 0" and y,4+1 # 0. Then ug(y) = 571
Again, note that ug(y) is bigger than both terms A(ly) + ug(ly) and A(2y) + uo(2y). We also
get,

—1 -1 —1
27 = W + W = A(Oy) + uo(Oy).
Hence, (2) holds in that case too. O

Using Lemma 2.2 we can get a more simple formulation for V.

Lemma 2.3.
V(z) = sup{[V(0%) — d(0>, z)], [V(17°) — 3d(1°, z)]}

Proof. As V is a calibrated subaction, Equation (1) holds with V instead of u. Then we claim
that

h(0%,y) = uo(y) and h(1%,y) = u1(y).
The Lemma follows from this claim and Equation (1).
Let us prove the claim. Again, we only prove that h(0°°,z) = ug(z) = —d(z,0%), the other
equality being similar.
Let x = (zo,x1,...) be in 3. We get

uo(z) = max(h(0°°, ) + up(0°°), h(1°, ) + up(1%°)) = max(h(0°°, z), h(1°,z) — 1).



Note that ug(z) > —1 and by Remark 1 the Peierls barriers are both negative. Hence we obtain
up(x) = h(0%°, x).
O]

Now, we use properties of the eigenfunction Hg to obtain some relations satisfied by V. A
calibrated subaction, in the present situation, is determined by its values 0°° and 1°°. We just
need the relative values of V' at these points.

1
Proposition 2.4. For a > 1, we get V(1) =V (0>°) + 1 and 5lim 3 log P(3) = —2.

— 400

1
For0<a <1, we get V(1°) = V(0®) + a and ﬂhr}rl Elog P(B)=—(1+a).

1
Proof. Let v be an accumulation point for Blog P(B) as [ goes to +oo. For simplicity of

1
notations we still write ﬁlim 3 log even if we only consider a subsequence ().
—400

From the equation Lg(Hg) = PO H 3 we get the pair of equations®

(€@ 1) Hg(0°) = e *PHg(2) +e 37 Hy(10), (3a)
(€ —1)Hz(1%) = e “PHg(2) + e 27 Hy(01%). (3b)

Remember that V' is an accumulation point for %log Hg and by Lemma 2.2

V0%) = max{[V(0%) - 11, [V(1%) - 3]},

V(2z122..) = max{[V(0>)—1],[V(1°)—1]},
VO1%) = max{[V(0%) - ], [V(1*) - 3]}

Then, taking %log in Equation (3a) and making 5 go to 400 we get

THVO%) = max{[V(0®) ~1-al,[V0) ~ 3~ al [V(0) ~ 1 - ], [V(1®) — 2~ 2]}
= max{[V(0®) ~ 1 - o], [V(1%) =3~ ol [V(0%) ~ 21, V(1) ~ 3]}
= max{[V(0%) ~ 1 - o], [V(0%) ~ 7], [V(1™) - )} ()
Similarly, from (3b) we finally get
T V%) = max{[V(0%) — 1, [V(1%) = 7/2], [V(1%) 3 al}. 6

We first deal with the case a > 1. We will show that V(1°°) = V(0*°) + 1. We divide
the analysis in two cases:

®See Lemma 4.1 to check that Hg is constant on cylinder [2].



1) if @ > 3/2, then, we have to solve

oo o 5 oo
V(%) = max{[V(0®) - 5] [V(1*) - 3]}, (6a)
7+ VAT) = max{[V(0%) -1, [V(1%) = 7/2]}. (6b)

Now, we show that this system of equation is solvable if and only if V(0%°) — 3 < V(1*) — 3
and V(0°) —1> V(1) —7/2.

Suppose that V(0°°) — 2 > V/(1°°) —3. Then, we get v+ V (0°) = V(0°°) —5/2, which shows
that we have v = —5/2. Thus, we must have V(0>°) — 1 > V(1*°) — 7/2 (otherwise (6b) would
give v = —1), and we get

V(0®) = 1=+ V(1®) = —5/2+ V(1™).

From this follows that V(1°°) = 3/2 + V(0°°). This yields

3 5
V(1) —-3=(3/2+V(0°)) -3=V(0>) — 3 > V(0%) — 5
which produces a contradiction.
Then, we have
Y+ V(0®)=V(1¥) -3 (7)

An important consequence is that we must get v > —3. If V(0°°) — 1 < V(1°°) — 7/2, then (6b)
shows that v is equal to —% which is impossible. Hence

v+ V(1) = V(0°) — 1. 8)

Finally, (7) and (8) yield v = =2, and V(1°°) = V(0*°) + 1.

2) The case 1 < a < % The proof is similar. It is explicitly reproduced here, but the reader
can skip it in a first reading.

The new system to solve is

T+ V(0%) = max{[V(0™) - (1+a)],[V(1%) -3}, (9a)

Y+HVA®) = max{[V(0%) - 1], [V(1%) — 7/2]}. (9b)

Again, we show that this system of equation is solvable if, and only if, V' (0%°)—(14+«) < V(1°°)—3
and V(0°) — 1> V(1*°) - 7/2.

Suppose that V(0°) — (1 + a) > V(1*°) — 3. Then, we get v+ V(0®°) = V(0>°) — (1 + «a),

which shows that we have v = —(1 4+ «) > —2. Thus, we must have V(0%°) — 1 > V(1°°) — 7/2

(otherwise (9b) would give v = —%), and we get

V(0%) =1 =9+ V(I%) = —(1+a) + V(I®).
From this follows that V(1) = a + V(0°°). This yields
V(%) =3 = (a+ V(0%) = 8= V(0®) 2> V(0®) - 2,

which produces a contradiction.



Then, we have

v+ V(0>) = V(loo) -3 (10)
An important consequence is that v > —(1+ ) > —3. I V(0>°) — 1 < V(1%°) — 7/2, then (9b)
shows that v is equal to —% Wthh is impossible. Hence

v+ V(1) = V(0°) — 1. (11)

Finally, (10) and (11) yield v = —2, and V(1) = V(0*°) + 1.
We point out here that the above discussion can be done for every sub-family of 3’s. In
1
particular, this shows that B log P(B) can have only one accumulation point. In other words, it

converges to v = —2.

Now, we deal with the case o < 1. We will show that V' (1°°) = V(0°°) + «. The system
we have to solve is

v+ V(0%) = max{[V(0®) - (1+a)],[V(1%) - 3]}, (12a)

T+ V(A®) = max{[V(0%)-1],[V (1°°) —7/2],[V(1¥) =3 —al}. (12b)
We show that, whatever is the case a < 2 or a > 3, the system can be solved if, and only if,
V(O0®)—(1+a)>V(1*)—3and V(0®) -1 > V(1°°) —7/2,V(1®) -3 —qa.

Let us proceed by contradiction and assume we get V(0°) — (1 + ) < V(1*°) — 3. In that
case, if we assume that we get V/(0°) — 1 > V(1*°) — 7/2,V(1*°) — 3 — a, then the system to
solve is exactly given by equations (7) and (8). This yields v = —2, and V(1) = V(0*°) + 1.

Then, we get V(1) —3 = V(0®°) — 2 < V(0*°) — (1 + «) which produced a contradiction
with our assumption V(0%°) — (1 +«) < V(1%°) — 3.

This means that V(0*°)—1 < V(1) —7/2,V(1°°) —3 — «, and the bigger term only depends
on the relative position of a with respect to % Depending of this position, we get v = —3 or

v = —3 — a. Then (12a) would give in both case
V(0%) =7 >V(0%) - (1+a),
which produces a contradiction. Hence, we must get V(0°) — (1 + a) > V(1*°) — 3 and
v=—(1+a). (13)
If V(0*) -1 > V(1*®) = 7/2,V(1*°) — 3 — o does not hold, then we would get v = —g or

v = —3 — «a, which is impossible. Thus we must get V(0*°) —1 > V(1) —=7/2,V(1*°) -3 — «
and we finally get

VA®)+y=V(1¥) = (1+a)=V(0¥) -1 (14)
This finishes the proof of the proposition (again « is the unique possible accumulation point for
1
—log P(B)).
3 (8))
O

3 The eigenmeasure v

In this section we study the eigenmeasure vg4. We prove that it converges to the Dirac measure
Soc<. We also estimate the limit ratio of measures on rings of the form [07]\[0"+1] and [17]\[1"+1].



3.1 A useful function

We define and study a function F' depending on the pressure P(3) and on the parameter §3.

o0
B
Definition 3.1. For Z >0 and 3 > 0 F(Z,3) := Z e " eF T and its partial sums F.(Z,0) =

k=0
n
8
E T
k=0

Clearly, F,,(Z,3) — F(Z,3) when n — oo.
We recall that as 8 goes to 400, P goes exponentially fast to 0. The asymptotic behavior
of F (for 3 very large) can be obtained as follows:

Lemma 3.2. For every 5 > 21In2 we get

1 [eP/? P,
P9~ 5| < T+ D

Proof. Let us consider a positive Z. Note that the function x — —Zxz + % is decreasing on

R;. We can thus compare the sum and the integral:

Feo 5 B Feo 7z B 5
/ Ze *“e22 dx < ZF(Z, ) S/ Ze "e22" dx + Zez.
0 0

Let us study the integral. We get

+o0 +oo
_ 81 _ B8 17+ _.-In2 81
Ze 3w dy = {—e Izewf} — ée 2 " o337 dg.
0 0 0 2 27

+00
= 3 —/ ée_lﬂzhﬁeg%x dx.
. 2 9z

Let us set u = - in this last integral. We get

2{1)
“+o00 1
81 3 Inu B
/ Ze 23w dp = 2 — / 26_2%65“ du.
0 0

.. Zlnu = 1 lnu "
Writing e”“ 2 = 7;)71! _ZE we get

400 1 pto0 n
/ Ze®Ze3% dr = e —/ éZi —Zln—u e3" du.
0 0 2 0 n' In2

1 +o0
To get the inverse of the two sums we remind that / |Inu|™ du = / v"e " dv = n!. Then
0 0
for Z < 1n2 we get

10



+ +o0 n 1
o° 81 8 1 [—Z I} 8
Ze ez dp = — — | — —(Inu)"e2"d
/0 e "e22% dx ez ngzo oy <1n2) /0 2(nu) ez du

400 n  pl
B 1 [(—Z 15} n B
n=1
Now, note that

1 /—2Z\" ['p 3 1 ( Z ﬂ
e 2 n, Su <= [ Z It 1 n I e
nl <ln2> /0 p nu)"etdu <ln2> 62/ [ Inuf” du = <1 2) 2¢

We also recall that for positive G, the pressure is strictly smaller than the topological entropy
In 3. This shows the lemma. O

w\m

3.2 The eigenmeasure on the cylinders [0] and [1]

We remind that the eigen-probability for A, vg, is a conformal measure: for any cylinder set B

alo(B) = [ PO (),

We shall use this simple relation to compute exact values for vg of some special cylinders.

For simplicity we drop the subscribe 3 in vg and simply write v. We shall also use the
notation *g for the pair of symbols which are not 0 and *; for the pair of symbols which are not
1. Then

[0x0] = [01] LI [02] and [1x1] = [10] L [12]

(and the unions are disjoint).
We can now estimate the measures of the cylinders [0] and [1].

Lemma 3.3.
v[0] = €3 F(P, ) v[0x)

V(1] = e % F(P,33) v[1%]
Proof. Conformality yields
s LR
v[0%0] = v[o(00%0)] = e’ 722 1[00%] = > T25 725 L[000%(),

and so on. By induction we get

_ 1441
V[0sg] = eV PHAGzHF3m) 00 L0 ). (15)
Hence, we get
Z o*o =3 e IP o5 o3 y[0xg) = €7 F(P, B) v[0%].
n=1 n=1
Similarly we get v[1] = e_% F(P,303)v[l%]. O



Using [0%g] = [01] U [02] and[1%;] = [10] U [12] and the conformal property of v we obtain the
following system:

p-3 3

38
2

(16a)

v[lx] = v[2]e”
- (16b)

+ V[O]e_P_
v[osg] = v[2Je T -

pleofg
[N

+v[l]e P72,
This system is the key point to determine the convergence of the eigenmeasure.

0
Proposition 3.4. The ratio M goes exponentially fast to +00 as 8 goes to +00.

V(1]

Proof. By Lemma 3.3 the system (16) can be transformed into a system in v[0], v[1], and v[2]:
v[0] = e PP B {v2e 5 4 uft]e )
V1] = e GO2E(P38) {v2e =% +u0leP"% )
This yields

v[0] _ g (P, 5) (1 + e "I F(P,30))

(17)

v[1] F(P,3p) (1+ e P=FF(P,B))
0
Finally, when 8 — o0, V{ 1] goes to +oo exponentially fast: roughly speaking, Proposition
v
2.4 and Lemma 3.2 show that e="~38 F(P,33) behaves as e ?, (14 e "~# F(P, 8)) behaves as
F(P
eP, and 7 ((P,’Bﬁﬁ)) behaves as 1.
0
Considering the terms of higher orders given by Lemma 3.2, VH goes to +oo faster than
v

any e1=9)8 for any positive ¢.
O

We point out that Lemma 3.3 also allows to transform the system (16) into a system in
v([0%0]), v([1x1]), and v(2). From this system we get

v[or] _ 5 (14 e P38 F(P,3))
v[lx1] (1+eP-BFE(PS))
Nevertheless, at this point of the proof we do not have enough information on P to compute

1 0
the limit of the ratio. Proposition 2.4 and Lemma 3.2 just ensure that — log )

B l/[l*l]

(18)

goes to 0.

However, we can get ratios for other rings:

Corollary 3.5. For everyn > 2,

v[07 ] _ Bk ) v[0%o]

on—1 .
I/[ln*l] V[]-*l]

I/[On*o]
v[17%]

1
For every positive €, the ratio goes to +00 as 3 goes to 400 faster than P19,

12



3.3 Convergence of the eigenmeasure

In this subsection we get a finer estimate for P(/3) and conclude that v goes to the Dirac measure
dgoo .
The conformal property yields

v([2]) = v([20]) + v([21]) 4+ v([22]) = e PP (w[0] 4+ v[1] + v[2]) = e TP, (19)

On the other hand the solution of the system obtained in the proof of Proposition 3.4 shows
that

o~ P38

AO) = T (e s PO,
o 1+e P=PR(P,B)

V)= =P Ee )R, 30)

—F(P.38)e ¥ u([2).

Using the formula v([0]) 4+ v([1]) + v([2]) = 1 we get another expression for v([2]):

B 1+e P30F(P,33)
1=v(2]) <1 T e—2PF(P, 3)F(P,3B)e 4
1+e P=PR(P,B) —P-38
1— e 2PF(P,B)F(P, 35)6‘45F(P’ 30 )
_ oy (L TPE(PB) + e PTF(P,36) + e P (P, B)F (P, 35) 20
=v([2]) ( 1— e 2PF(P, B)F(P,3B3)e P > - (20)

F(P,B)e TP+

Lemma 3.2 and Proposition 2.4 show that whatever the value of a is, e "3/ F(P,383) goes to
0 as 3 goes to +00. On the other hand, e P=#F (P, 3) is exponentially big (of order e? if « is
bigger than 1 and e®” if o is smaller than 1). Remember that Equation (19) shows that v/([2])
goes exponentially fast to 0 with exponential speed —a(.

. 26 _ _ 2 1+v5
Lemma 3.6. If o > 1, we get lim P(B)e?’ =1. For a =1, P(3)e?? goes to T2,

B=+00

Proof. We first do the case @ > 1. As we said above, the numerator in the right hand side of
(20) has order . On the other hand v([2]) has order e~*%. Therefore, the denominator of the
right hand side of (20) goes to 0 with exponential speed e(1=)8  Then, Lemma 3.2 shows that
P(B)e™?P goes to 1.

Let us now deal with the case @ = 1. Copying what we did above we get

o — e20 1+ 61(ﬁ)
Priceer (2) 1+ eas)

9

with €;(3) going to 0 as [ goes to +00. Let [ be any accumulation point for Pe?S. Thus the
above expression yields

. . 145
This yields | = +2 . O

13



v[0%]
v[lx]

to 400 for a < 1. The convergence is non-exponential for « > 1 and has exponential speed 1 —
if a < 1.

Corollary 3.7. As 3 goes to +oo, the ratio goes to 1 foraa>1, to f“ fora=1 and

Proof. We remind that Equation (18) gives
v[0x%] 3 (1+e P38F(P33))

Vs C (L+ePBEPJ))

We already know that e 3%F(P,33) goes to 0 as 8 goes to +o0o. The denominator has for
I/[O*O]

I/[l*l]
Lemma 3.6. O

dominating term %. For a < 1 we directly get that

goes to +o0o. For o > 1 we use

Equation 19 shows that v([2]) goes to 0 as 3 goes to +o0o. Then Proposition 3.4 yields:

Corollary 3.8. The measure v goes to the Dirac measure dp as 3 goes to +00.

4 The eigenfunction H

In this section we get estimates at the non-exponential scale for the asymptotics behavior of the
eigenfunction Hg. In what follows, for simplicity, we will drop the subscript/.

4.1 The exponential scale is not deterministic

We know that N
H(x) = lim Z: ekP (21)

where L is the transfer operator (see Subsection 1.2). We recall that % (resp. *;) denotes any
symbol different to 0 (resp. to 1). We start with the following result.

Lemma 4.1. The eigenfunction is constant on cylinders [0"xg], [1"%1] and [2].

Proof. Owing to Equation 21, it is sufficient to prove that for every k, £F(1) is constant on
cylinders [0™x¢], [1"#1] and [2]. For z in X, we get

EE(I)(x): Z eP-Sk(A) (=)

2€{0,1,2}*

where Si(A) is the Birkhoff sum A + Aoo + ...+ Aof~l . Now, note that the potential is
constant on the cylinders [0™xg], [1™%;] (whatever m > 1 is) and [2]. This finishes the proof of
the lemma. O

We emphasize here that the information we get on the subaction (namely the exponential
asymptotic for H) and on the eigenmeasure are not yet sufficient to conclude the proof. Indeed,
one important fact is that the eigenmeasure and the eigenfunction have opposite behavior:
the eigenmeasure is exponentially bigger close to 0°° than close to 1°°; on the contrary, the
eigenfunction is exponentially bigger close tol1*° than close to 0°°. The convergence and the
study of selection for p cannot be obtained at the exponential scale:

14



1
Lemma 4.2. For o > 1 and for every integer n > 1, lim —log——%
= Land Jor cvery tntegern = L 5B 5198 ()

pu([0"xo]) _ H(0™x0)v([0"*0])
p[1ma]) — H(1™)v([1])

Proof. By definition we get Using Corollaries 3.5 and 3.7, we

get that — log M goes to 1 — as 3 goes to +oo
B w([1m]) n—t '
» 1 H(0™xp)
On the other hand, Lemma 2.3 and Proposition 2.4 shows that — log ————= goes to —1 +
on1 as 3 goes to +0oo. Both terms balance themselves. ]
1([0"xo))

Remark 2. For o < 1 it is also possible to show, following the same procedure, that hm B log W =
B——+o0 1
2 —2a.

As the convergence and the study of selection for p cannot be obtained at the exponential
scale we must get more precise estimates.

4.2 Estimation at the non-exponential scale

We recall that the functions F(P,3) and F, (P, 3) were defined in Definition 3.1.

Lemma 4.3. For everyn > 1 we get

n n— _B eP_l 0o —P—« e 00
() = P i A D [P (1) - (g, 0)(1 4+ 0P 4 £-99) (0]
(22)
n n— 38 eP_l : o0 —P—q 3—a oo
A = 0Pt D ersang00) (B y(P38)(1 + e 4 o009 HO®))
(23)
where F_1 = 0.

Proof. Using the equality £L(H) = e’ H we get the following system of equations

e~ 3 H (0x0) te ®BH(2) = (ef —1)H(1®),
e~ H(1%) e BH(2) = (eF —1)H(0), (24)
e‘gH(O*O) —i—e_%H(l*l) +e P —ePYH(2) = 0.

Solving this system in terms of H(1°°) and H (0*°) we find:

el —

H(0xg) = egegg_’_e_la)ﬁ [ePH(loo) — e_o‘ﬁH(Ooo)} (25)
3 6P —

H(lx) = 65653 — ela)ﬁ [ePH(OOO) — e*aﬁH(PO)} (26)

Again, the equality £L(H) = ePH yields
s
P H(0"%0) = ¢~ 5T H(0" ) + e~ 2 H(1#1) + e “PH(2).

15



Introducing the second equation in (24), we get
s s
H(0" ) = P37 H(07%0) — ez (eF — 1) H (0%).

By induction, we get for every n > 2 an expression of H(0"xp) in function of H(0°°) and H (0x).
Then, introducing (25) in this expression, we let the reader check that we get (22). The proof
of (23) is similar. O

As we said above, the exponential scale is not sufficient to determine the limit and the
selection for the Gibbs measure. Due to the values of the subactions, the good parameter to
H(0%>)
H(1°)

Proposition 4.4. As 3 goes to +00 we get the following limits:

estimate is e’ . Lemma 4.3 allows us to solve that problem.

(i) if a > 1, then, ﬁlim ST

H
(ii) if a =1, then, ﬁli)r_‘r_loo G’BH 7o

H
(iii) if 0 < o < 1, then, BETOO eﬁH(lOO) —

Proof. Equalities (22) and (23) yield for any fixed n

gt ) _ " PP (el e O )
H(1m1) P (B 105} — [Fua(P,3B) (1+ e FraB)e28 4 e(1-0)d]
8 H(0>)

For, (3 fixed, we set x =23 = ¢ A=) Then, taking the limit as n goes to +o0o we get

_ P [F(PB) (1 + e Pef) e 4 e~ (Helf]y
el - [F(P,383) (1 + e FP-abf)e-20 4 e(1-a)B]’

(the eigenfunction is continuous). Let us set a = d = ¢ and

b= —[F(P,B)(1+e P70f)e 20 4 o~ (18],
c= —[F(P,33) (1 +e T70P) 20 4 1-)8]
We can write the above equation in the form
sl +bx
dr+c

As z is positive we can solve this equation and we get

(b—c) + /(c—b)>+4ad (25)

Tr = .

2d

Note that
(b—c) = (F(P,38) = F(P,)) e 27 (1 4¢P~ 4 ¢=08 (f — ),

Now, Lemma 3.2 shows that e~ 2% ( F(P,33) — F(P,3)) — 0 when § goes to +00. On the other
hand we get,

16



for a > 1, e P (e® —e7F) = 0.
for o < 1, e P (e —eP) - 400,
fora=1,e P (e’ —eP) -1,

these three limits hold as 3 goes to +00. From this, we get that for the three cases of possible
values of «, the corresponding limits for (b — ¢) are the same:

fora>1,b—c— 0.
fora<1,b—c— 400,
fora=1,b—c— 1.

Finally, from this we get that for av > 1,

for a =1,
g H(O®) 1445
lim e = ,
B—too  H(1%°) 2
and for 0 < a < 1,
H(0*
lim €° (0%) = 40

5 End of the proof of the Theorem

Now, we can finish the proof of our Main Theorem. We recall that any accumulation point for
pg is a A-maximizing measure. Hence, such an accumulation point is a convex combination
of the two Dirac measures dgo and d;~. This convex combination can be found if we get an

17



: - p((0])
estimate for BETOO m We get
p(o) XA ([0™xo))
n([1]) Zn 1#([1"*1])
S HO (0]
H(171)v([1741])

- n= 1H(0n 0)e () PoB(r et am) v([0%q))
20 F(1n4)e —(n=1) P=3B (g5 +.+gm) v([1%1])

n=1

too H(Oﬂ*o)e (n—1) P— 5( +.. +2n)

H(ln*l)e_(n_l) P-33 (2%+"'+2L")I/([1*1])

= ! H(17%1)e S 35(27*'*27”)1/([1*1]) v([0%0])
Z+OO H(ln*l)e_(n_l) P_35(2L2+~'+2in) V([l*l])
S R ([1)) (o))

)
C((1x) +°°H<1n>x<>—<" ”

ST+oe Bl uggnjggu([ml]) v([0%0])

w21 H([1ma]) v([Ln])

P=30 (g5 +-+3m) v([1x1])

The proof will follow from the next technical lemma:

Lemma 5.1. There exists By such that for every n > 3, for every 8 > By and for every o

B(1— El)H(On*O) 1 _B8
e 2n X — 1| <e7s.
n H(0>) -
H(1"1) (a0

Proof. We re-employ notations from the proof of Proposition 4.4. We denote by R,_1(1) the
tail

Ro1(1) = F(P,B) — Fuo(PB) = S ¥+,

k=n—1
Rn_l(g) the tail

Roo1(3) = F(P,38) — Fua(P38) = 3 e 7 *er BT

k=n—1
and ﬁ )
An—l = R”_l(l) - Rn—l(g) = ei(nil)P (BQT — 627) +
Then,
oz H(0™o)  atbr+al, e (A 4+e "0 +aRr, 1(3)e (1 +eF0F)
H(1™xq) B c+dr+ R, 1(3)e 20(1 4 e~ F-apb)
Ap_1e72P(1 4 e Pap
= r4 rAp_1e” (1 +e ) . ”

c+dr+ R,-1(3)e28(1 + e P~ah)

18



s H(0>)

H{=) Now Equation (23) yields

Remember that by definition we have z = e

H(ln*l) €P—|‘€70¢3 —(n—1)P+38 _23 —28 —P—apg
=) =y (P45 =20 — dp 4 o+ Ry 1(3)e X (14 e77700),

If n goes to +oo the right hand side term of this equality goes to ¢+ dx. On the other side it is
always non-negative. This shows that ¢ + dz is always non-negative. Therefore (30) yields

B(1— 1,1)]1 (On*o) 1 ‘Anfl‘
e 2n X -1 < —.
n H (0> -
H(1%) ~ o107 Ro_1(3)

Now, note that R,_1(1) = F (P, Tbi_l) and R,—1(3) = F(P, 22’[_31 ). Then, Lemma 3.2 shows that

AV :
M is of order P(ﬂ)2ﬁne 7T, Remember that P € O(e™P). For n > 3 and for 3 sufficiently
n—1

. B 8. -
big, P(ﬁ)z—nm"*l is less than e

g 0

Now Equation (29) and Lemma 5.1 show that we get for every 5 > [y

H(0%>) . v([0%])

sH(O<) | o v((0x]) _ (0] e d)
} ZiEn)y

(1—e"3) <éf

“HI®) v([Ta)) ~ (1))~ )

(for B big the terms u([0%xg]) and u([1¥%1]), k = 1,2 are very small since pg “goes” to a
combination of dgee and dje ). Then Corollary 3.7 and Proposition 4.4 conclude.
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